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A statistical thermodynamic model of phospholipid bilayers is developed. In the model. a new concept of a closely packed
svstem is applied. i.e.. a system of hard cylinders of equal radii. the radius being a function of the average number of gauche
rotations in a hydrocarbon chain. Using this concept of a closely packed system. reasonable values are obtained for the change
in specific volume at the order-disorder transition of lecithin bilayers. In addition to interactions between the lipid matrix and
water molecules, between the head groups themselves and between hydrocarbon chains. as well as the intramolecular energy
associated with chain conformation. the Hamiltonian of the membranc also includes the cnergy of the pressure field. Thus, the
phase transition of phospholipid membranes induced not only by temperature but also by hyvdrostatic pressure is described by
this model simultancously. In accordance with the experimental results. a lincar relationship is obtained between the phase
transition temperature and phase transition pressure. The other calcolated phase transition propertics of lecithin homologues.
e.g.. changes in enthalpy. surface area, thickness and gauche number per chain are in agreement with the available experimental

data. The ratio of kink to interstitial conduction of bilayers is also cstimated.

1. Introduction

According to the experiments, the order-
disorder transition of phospholipid bilayers de-
pends not only on the temperature but also on the
pH and salt concentration [1] and on the hydro-
static pressure [2]. In several papers the tempera-
ture-induced phase transition of bilayers was ex-
plained by statistical mechanical models [3-9].
Only one phenomenological model has appeared
[10] 1o explain the pressure-induced phase transi-
tion. The major purpose of our work is to present
a statistical mechanical model for describing the
phase transition of bilayers induced not only by
temperature but also by hydrostatic pressure. Our
model 1s similar in part to the model of Scott and
Cheng [9] and of Jacobs et al. [7]. Using a new
interpretation of the concept of close-packed area,

Abbreviations: DPMC., DPPC. DPPC, dimyristoyl- . di-
palmitoyl- . distearoylphosphatidylcholine. respectively.
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our model contrasts with the model of Jacobs et al.
[28], giving reasonable values for the change in
specific volume at the order-disorder transition of
lecithin bilayers. The following experimentally de-
termined parameters of DMPC, DPPC and DSPC
membranes are also well described by the model:
transition temperature, transition pressure, en-
thalpy change, Clapeyron slope, surface area
change and gauche number change per chain. In-
troducing a pressure energy term into the free
energy function of phospholipid membranes. we
conclude—in accordance with the experimental
findings— that transition pressure is a linear func-
tion of the melting temperature.

2. Model

It is important to clarify the concept of close-
packed area for a better understanding. In the case
of membranes this has a special importance be-
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cause the effective cross-sectional area of lipid
molecules increases with increasing energy content
oi the system, e.g., on heating of the membrane.
Here the excitation of intramolecular degrees of
freedom leads to a change in the effective cross-
sectional area of the molecules. In the case of these
systems one can use the following definition of
close-packed area: it is the minimal surface area of
the system for a given internal (or conformational)
energy of the molecules. By this definition, the
basic conformational characteristics of the mole-
cules remain unchanged in the closely packed sys-
tem. In our case, the membrane shows minimal
surface area if the hydrocarbon chains contain
only kinks. Implicitly. one can find a similar idea
in the paper of Scott and Cheng [9]. where their
membrane model consists of a system of hard
cylinders of varying radii corresponding to the
different number of kinks or jogs in their chains.

In our model. which contrasts with Scott’s
model, the membrane is supposed to consist of
hard cylinders of equal radii, the radius being a
function of the average configurational energy per
hydrocarbon chain. At the same time, as in Jacobs’
model [7], we take into consideration the fact that
trans-gauche isomerization may result in a conical
shape of the molecules, demanding a larger area
than for the cylindrical shape of molecules con-
taining only kinks.

However, for the estimation of this repulsive or
excluded volume interaction between molecules,
we have to take into consideration the different
definitions of close-packed area in Jacobs’ model
and ours. )

2.1. The conformation-dependent close-packed area

The average number of gauche rotations per
hydrocarbon chain is denoted by {g). In the for-
mation of one kink the chain is shortened by one
CH, unit of length (4, = 1.27 A). Thus, the aver-
age length of a hydrocarbon chain in the closely
packed system is:

{De=[n—<(8>/21 hy ()]

where 7 is the number of CH, groups per chain.
The effective cross-sectional area of a hydrocarbon
chain in a closely packed system (&) can be

defined according to Scott and Cheng (see €q. 5 in
ref. 9) by the following formula:

Aply =do{l), )

where I(=nhy) is the length of a hydrocarbon
chain in the all-trans conformation and Aj the
cross-sectional area of a hydrocarbon chain in the
all-rzrans state. Finally, let us take into consider-
ation that the cross-sectional area of a head group
aligned parallel to the membrane surface is slightly
larger than that of the pair of hydrocarbon chains
in the all-rzrans state (A4, > 2 Ay [11]). However, the
effective cross-sectional area of a pair of hydro-
carbon chains (2d]) can be larger than that of the
polar head, 4,, when the number of gauche states
exceeds a nonzero threshold value. In this case. the
close-packed area of the membrane is determined
by the effective cross-sectional area of the hydro-
carbon chains and not by the constant head group
area. Thus, the conformation-dependent close-
packed area of the membrane, ;. is given by
eq. 3:

Ao

28, =2A45(1—(g)/2n) " 3

Ho=N -max{
where 4,=40 A® [7] and 24, =385 A2 [12] for
one phospholipid molecule, and N is the number
of Iipid molecules in one layer of a bilayer mem-
brane.

2.2. The pressure energy

In the case of nonzero external 1sotropic (hy-
drostatic) pressure, we have to consider the pres-
sure energy ( H,,. ) in addition to the Hamiltonian
of a bilayer membrane. thus the partition function
of one monolayer of the membrane (Q) will be
[13):

o= 3

al
conformations

exp— ( Hrnonola_\cr - Hpr.,\ )/kT (4)

where the summation runs over all configurations
of the monolayer. The pressure energy term which
describes the work of the pressure field on one half
of the membrane is:

Hproo = —pV=—pty(a+1) (D )

where p is the pressure, ¥V and 4 the actual volume
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and area of one layer of the membrane, respec-
tively, a[= (4 — &,)/&,] the relative surface area
and (/) denotes the effective vertical equilibrium
length of a molecule, i.e., the monolayer thickness.

2.3. Partition function

The partition function of one monolayer of the
membrane (Q), like the Jacobs’ model {7], consists
of three factors:

Q(AIN.T.p)=Qun Q2 Crr- (]

QOup 1s the partition function of a two-dimensional
system of hard disks with cross-sectional area
&, /N [14-16]:

N
Oup=(a’dy/N) " exp N(0.06—0.12«

+0.382a240.24303 + ...) @)

Here it is supposed tacitly that the partition func-
tion of cylinders, i.e., pairs of hydrocarbon chains
containing kinks which move rapidly up and down,
agrees approximately with the partition function
of infinitely hard disks with cross-sectional areas
&o/N. Oy is the partition function of a hydro-
carbon chain:

m

Ocu=1+ > (1+2exp—e/kT)" '

i=1

X2exp—{e+ Py A4} /T (8)

where P, the pressure of hard disks with cross-
sectional areas &,/N, is:

P =(NETVE ) (2/x+101D6Ta+ 1845 + ) /(14 2)
=(NkT/8g)f(a). ®)

where T is the absolute temperature, kK Boltzmann’s
constant, 2N the number of hydrocarbon chains in
one layer of a bilayer membrane, m(=n — 2) the
number of carbon-carbon bonds which can exist in
either the gauche or trans conformation, i the
location of the first gauche bond in a chain, and €
the energy of a gauche bond relative to a trans
bond (e=500 cal/mol=2.1 kJ/mol [7]). Eq.8
corresponds formally to eq. 7 of Jacobs’ model [7],
however, there are two basic differences. We
estimate the excluded volume interaction between
the molecules by the term, Py, AA4. This work

must be done if the chain increases its effective
cross-sectional area by A 4 relative to the minimal
area &,/2N. This happens when trans-gauche iso-
merizations result in a conical shape of the lipid
molecules, demanding a larger area than for the
cylindrical shape of molecules containing only
kinks. This increase in area must take place against
an average pressure due to the presence of other
chains. In this model we set this pressure equal to
the hard disk pressure, Py, where the cross-sec-
tional area of a disk is §,/N. Thus, we take into
consideration the fact that a given chain feels the
pressure of the surrounding molecules having gen-
erally larger effective cross-sectional areas than the
molecules in the all-zrans state. The second dif-
ference is in the formula for AA (cf. eq. 6 in ref. 7):

AA=y(n!—i+l) do/N (10)

where y is a dimensionless adjustable parameter
and is expected to be independent of chain length.
Here it is supposed—as in Jacobs’ model—that
the change in effective cross-sectional area is de-
pendent on the distance of the first gauche bond
from the head group and is proportional—in con-
trast to Jacobs’ model—to the effective cross-
sectional area of the hard cylinders, &,/N. By
means of this definition, we can take into consid-
eration that the greater the number of gauche
states belonging to the bending segment, the larger
the effective thickness and horizontal projection of
the chain segment.

The third factor of the partition function, O, 5,
involves the long-range interactions between the
lipid molecules and water. between the head groups
themselves and between the hydrocarbon chains:

Orr =exp—N(&o/A4) AH (2n+8) kT 45

where AH, is the heat of sublimation per CH,
group of the long-chain hydrocarbon, its value
being taken as — 1840 cal/mol (—7.7 kJ /mol) of
CH, groups [17] and 8 characterizes the strength
of the interactions between the head groups and
between the lipid matrix and the water molecules.
This formula is similar to the corresponding one in
Jacobs’ model (see eq. 4 in ref. 7). In our formula
all three interactions are considered to be propor-
tional to &, /A4 in spite of the fact that the areas of
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the polar heads are independent of the chain con-
formation (A4, =40 A?). However, the error aris-
ing from this inconsistency can be eliminated be-
cause the attractive interactions between polar
heads are very small compared to the repulsive
effect of water on the lipid matrix, i.e., the head-
head interaction energy is less than —5€0 cal /mol
[11] and the sum of the attractive head-head inter-
action and repulsive water-lipid interaction is less
than 11776 cal /mol (=3 AH,) [7].

We note also that a similar formula for the
repulsive water-lipid interaction term can be found
in the paper of Nagarajan and Ruckenstein (see
eq. 12 in 1ef. 18) where the change in interfacial
tension is proportional to (&, /N)— A,.

As Q¢4 Is a geometric series it has a simpler
form:

. (g7 '=1)
QCH_I.*_B—HT (12)
where
B=2exp—(e/kT+ f(a))
g=(1+2exp—e/kT) exp— vf(a). (13)
Table 1

By means of Q. formulae for the average gauche
number per chain {g) and for the effective thick-
ness of one layer of the bilayer membrane (/) can
be derived (see the appendix). Thus

{8>=1+[(B30ck/39)—1}/Ocn

dln QCH]

=[—kT e 19)

and

(H=3(2m+1—{—1+g30c1/39} /Qcn) ho+h as)

where 7 is the vertical length of the head group
(#= 8 A [19]). Fortunately, as Ocy is independent
of &, and ({/), by means of egs. 3, 5, 14 and 15
explicit formulae can be obtained for &, and (/)
in closed forms. Substituting these formulae for @,
and (/) into eq. 6, the partition function of one
layer of a bilayer membrane is also obtained in a
closed fc-m. By means of this partition function
one can calculate a number of thermodynamic and
geometrical properties of phospholipid bilayer
membranes.

Calculated properties of the temperature- and pressure-induced phase transition of phospholipid bilayers

Ic, data of the liquid-crystalline phase; A, liquid-crystalline values minus the respective solid-phase values; P, transition pressure; 7,

transition temperature; H, enthalpy; /, average length of a lipid molecule; 4. actual surface area per molecule: V. actual membrane
volume per molecule; g, average gauche number per hydrocarbon chain; @, closely packed surface area per molecule.

P, 7,

AH I Al 4

m m e - 'le

(MPa) O (k3 /mol) (A) (A) (A%)

DMPC 0.1 245 33 20.5 —39 51.6

(n=14, 678 g/mol) 0.1 23.3 [8] 28.2 [21}

DPPC 0.1 41.7 46.1 215 —55 54

(n =16, 734 g /mol) 0.1 414 (8] 41.421] 21.6 [20] —3 (20} 56.3*
40 488 216 -—~545 5342
40 50 [2]

DSPC 0.1 55.5 589 225 -7.1 55.7

(7 =18, 790 g/ml) 0.1 54.3 {8} 46.1 [21]
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3. Results and discussion

The Gibbs free energy of the membrane can be
calculated from:

G=—2kThn Q. (16)

In fig. 1, the Gibbs free energy is plotted against
the area per molecule, at different pressures, and
at fixed temperature and vice versa.

These curves have two different minima and the
deeper one determines the equilibrium state of the
membrane. When the absolute minimum of the
curve corresponds to the smaller area of about 40
A? the membrane is in the gel or crystalline state
and when it corresponds to the larger area of
about 55 A? it is in the liquid-crysialline state. The
relative values of the minima and consequently the
state of membrane can be altered by changing the
external conditions. The increase in temperature
triggers a gel to liquid-crystalline transition while
the increase in isotropic pressure results in a tran-
sition in the opposite direction. Under certain
external conditions, ie., for given pairs of values
of temperature and pressure, the two minima have
the same values. These pairs of values are the
transition temperature, 7, , and the transition
pressure, P, and in these cases the two phases of
the membrane corresponding to the two minima
coexist. Fig.2 shows the transition pressure as a
function of the transition temperature for DPPC
membranes. The sohid line is the calculated curve
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R —
40 50
-20
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- 41°C
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Fig. I. Calculated Gibbs free energies in dimensionless units
plotted against the surface area per molecule: (A) at different
pressures and constant temperature (45.1°C). (B) at different
temperatures and constant pressure (0.1 MPa) for DPPC mem-
branes.

and the shaded area contains the measured values.
In accordance with the experimental results [2], a
linear relationship was obtained beiween the melt-
ing temperature and transition pressure. By means
of the partition function a number of other ther-
modynamic and geometrical properties can be

A4 Go&lc) Adg Vie AV dr, /dT, 8ic Ag
(A%) (A%) (A%) (A%) (A%) {MPa/°C)
10 438 33 1060 425 4.99 34 33
1096 [22] 30.5 [22] 49 [27] 3.5[23] 2.5 [23]
12.6 45.1 5.1 1160 433 5.45 4.7 46
1218 {22] 45.3 [22] 437 [27] 4.5 [23] 3.5 [23]
12.25 44.95 49 1154 41.35 5.62 46 a5
45 [2]
14.5 46 6 1254 37.1 6.18 6 58
1347 [22] 59.3 [22] 6.5 [23] 4123

* A, is calculated from V. and /,, from 4, . =V, _/I,_.
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Fig. 2. Phase transition pressure as a function of phase transi-
tion temperature for DPPC membranes. Solid line, calculated
curve; shaded area, experimental data [2].

calculated for phospholipid bilayers. Table 1 shows
the calculated and measured phase transition
properties of DMPC, DPPC and DSPC bilayers.

When calculating AV, A4, A@, and AH, the
respective fluid-phase values minus solid-phase
values were taken where the actual surface area
(A), close-packed area (&,) and bilayer volume
(V) were determined by egs. 3, 5, 14 and 15.

The enthalpy changes for different phospholi-
pids were calculated according to (see the appen-
dix):

AH=A(2e(g)+AH,[2r+8] (a+1)""'+pV/N)

_ k3alnQ

‘A(—Fal/r) an

Besides the parameters in tablel the average
thickness of DPPC membranes in the liquid-
crystallinre state was calculated as a function of
temperature and pressure. From the slopes of these
curves, —1.3X 1073 °C~! was obtained as the
linear thermal expansion coeificient and 2 X 10°N
m~ 2 as Young’s modulus. The experimental data
obtained were —2X 1073 °C ™! [24] and 10°N
m™2 [25]), respectively. The Clapeyron slopes were
obtained from P, versus T, curves.

4. Conclusions

The model calculations presented in the previ-
ous section show that the values obtained espe-

7 ipid bilayer ph Iransition

cially for the liquid-crystalline state are compara-
ble with the measured phase transition properties
of phospholipid bilayers at different temperatures
and pressures. However, the calculated changes in
thermodynamic properties at the phase transition
do not fit so well to the experimental data. This
inconsistency arises from the structural differences
in the gel phase of multilamellar systems (the
experimental data in tablel concern these sys-
tems) and that of single bilayers (the model con-
cerns these systems) [26]. Taking into considera-
tion that the close-packed area of a bilayer de-
pends on the average conformation of hydro-
carbon chains, rather good values are obtained for
the volume changes.

We note here that the calculated volume changes
are 3-times greater when we do not bear in mind
the fact that the cross-sectional area of a head
group is slightly larger than that of the pair of
hydrocarbon chains in the all-trans state (i.e., when
@y =2NAY(1 — (g)/2n)""! is applied) and the
volume changes are negative when the close-packed
surface area is considered to be constant (see fig. 8
in ref. 28). The calculated values of the enthalpy
changes approach the experimental data better
than those obtained from Jacobs’ model [7] by
4kJ/mol. The other important advantage of this
model is that only the parameters of Jacobs’ model
are used, namely y = 0.47095 and § = —6.4. (These
values of y and § were fitted by Jacobs et al. to
yield the correct transition temperatures of the
lecithin homologues under atmospheric pressure.)

By means of this model the surface area in-
crease, A — 4,, can be separated:

A—Ag=(@y—dg)+(4—d,) (1)

where @; — A4, relates to kink formation in the
hydrocarbon chains and 4 — &, to the formation
of other structural defects of hydrocarbon chains
and to the long-range loosening of the lateral
packing. According to our results for 4 and &,
and assuming a linear relationship between the
lateral loosening and membrane permeability for
small molecules, 36% of transport occurs through
kinks and 64% through other structural defects in
the liquid-crystalline state.
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Appendix
A.1. Average length of a lipid molecule

According to Jacobs et al. [8], the effective
vertical equilibrinm length of lipid molecules. if
{i) is the average location of the first gauche
bond, can be expressed by:

(D= (m+ Y+ 1) hg+h 19)
Considering that (i) = m + 1. when the chains are
in the all-zrans state, the average of m — (i) is:

r m~1
<m—i>E<j>=l—l+B > jq’] OcH
=0
=[-1+9(30cn/39)] Qcu (20)
where

30cu/39=B[(m—2) g™ ' —(m—1) g7 2 +1}/(g— 1)

(21
and
m=—1
Qcu=1+8 3 ¢’ (22)
=0

Substituting eq. 20 into eq. 19 the average length
will be:

(DB=3(2m+1-{-1+49(30cu/39)} Qch) ho+th  (23)
A.2. Average gauche number per chain
As ¢/kT is the value conjugated to the gaucke

number, the average gauche number per chain can
be calculated in the following way [13]:

__ kT 3mmQ _ = kT 3Qcu _ _ AT
(=T389  Qcn o¢ Ocn
3B Qcu—1 , 3q 3Ccnu 5
x[ae B "3 ag (2%

and from eq. 13 it follows that

98 _3q_ -2 ;
Be B KT (23)
Thus. {g) is given by:

(2)=1+[(3Qcu/3q) B—-1]/Qcu (26)

A.3. Average enthalpy per molecule

Since 1/kT is the value conjugated to the en-
thalpy, the enthalpy per molecule is:

l]——i 8ln@ _ Kk, ;910 Qcus
TN,/ Ny

+AH (2n+8)(a+ 1) "+pV/N
=2¢{1+(B3Qcy;/39—1) OGii }

+AH(2n+8)(a+1) "+pV/N
=2e(g)+AH (2n+8)(a+ 1) "+pl/N. 27)
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